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NOMENCLATURE
2

m

Mass (lb.-Sec. /in.)

00

Critical Frequency (rad./sec.)

03 n

Natural Frequency (rad./sec.)

K

Spring Constant (lb./in.)

e

Disk Eccentricity (in.)

P(x)

Load per unit length of beam (lb.)

V

Shear Force (lbs.)

M

Bending Moment (in.-lb.)

0

Slope (rad.)

Y

Deflection of Shaft (in.)

E

Modulus of Elasticity (p.s.i.)

1

Area Moment of Inertia (in.

Ax

Shaft Increment between concentrated masses (in.)

t

Period of Vibration (sec.)

4

)

2

A

Load per unit length of beam (lb.-sec. /in.

X

Distance along shaft (in.)
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IINTRODUCTION
It is well known that the unbalanced inertia forces
present in rotating shafts set up violent vibrations in a
transverse direction at certain speeds known as critical
speeds, whirling speeds or whipping speeds.

Therefore

one who deals with the design of rotating machine parts,
such as turbine rotors, multi-cylinder engine crankshafts
etc., must consider transverse vibrations of rotating
parts.
Practical solutions for finding the critical speeds
of simple rotating systems, such as a single disk on a
shaft with a single span, were derived by many authors.
But as the number of loads and spans increases the
problem becomes complex and hence difficult. Mr. M. A.
*
Prohl (1) published a paper introducing a method for
finding critical speeds of Multi-Mass, Multi- Span
systems.
In this investigation the author has tried to find
critical speeds and modes of transverse vibrations of the
rotating system symmetrically loaded and supported on
three bearings. Each span carries three concentrated
loads. Therefore the whole system will have six critical
frequencies. The weight of the shaft was considered by
dividing it into small segments and finding the
concentrated equivalent weight.
★

The bearings were

Refer to Bibliography for all references.
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considered to be self aligning and the system to be
simply supported.

If the system is allowed to operate

at or near the critical speed the stress and deflection
become quite large.

In the analysis of the problem,

the

system was considered in transverse vibration and
gyroscopic effects were neglected.
While solving this problem the author has made use
of the I B M -

1620 digital computer to locate the

critical frequencies and modes.

Until the advent of the

digital computer no practical solution to the problem
was available for more than two modes of vibration.

The

method used here is adaptable to many loads and spans.
This problem was chosen by the author because of
his interest in the field of vibrations.
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REVIEW OF LITERATURE
Den Hartog (2) has discussed "Critical Speeds of
Transverse Vibration" for systems having one concentrated
load, supported by a rotating shaft on two bearings.

In

the discussion he has considered the unbalanced inertia
force m co (X + e) and the spring force K Xr where K is
the shaft stiffness and X is the amplitude of transverse
vibration.

When a shaft rotates at a constant angular

speed these two forces balance each other and the system
remains in equilibrium.

At the critical speed violent

vibrations occur in the system.
Church (3) discussed the same system as Den Hartog;
but he has shown a tabular method for calculating critical
frequencies of Multi - Mass systems.
Timoshenko (4), using Rayleigh’s method, has
discussed the problem of Multi - Mass, Multi - Span
systems.

One has to assume an angular speed 60

and an

initial deflection of the rotating shaft satisfying the
end conditions for solving Multi - Mass, Multi - Span
system by Rayleigh's method.

One can find the deflection

curve of the shaft considering the corresponding
centrifugal force acting on the system.

If the assumed

initial deflection curve is correct, the new deflection
curve would be proportional to the assumed one.
Rayleigh's method is good for finding the fundamental
or lowest frequency of' transverse vibrations.

But it is

-4very long for solving the system having more than one
span.
A somewhat different method of finding the frequency
has been developed by Stodola (5), primarily for application
to turbine rotors.

His process, which is little different

from that of Rayleigh's method is capable of being repeated
a number of times and of giving a better result after each
repetition.

Briefly it consists of drawing first some

reasonable assumed deflection curve for the shaft in
question.

By multiplying this curve with the mass and

square of the assumed frequency,
inertia loading.
to unity.

it becomes an assumed

Arbitrarily frequency is taken equal

Then with this inertia loading another deflection

curve can be constructed by regular methods of graphical
statics.

This second deflection curve coincides with the

originally assumed one, when the assumed deflection
curve is exactly the normal elastic curve and the natural
frequency is exactly unity.

If the new deflection curve

does not coincide with the assumed one then the ordinates
of the new deflection curve are divided by the corresponding
ordinates of the assumed deflection curve.

The ratio

gives a better approximation for the other assumption of
circular frequency.
Better values of critical speeds could be obtained by
a trial and error method.

With a fairly reasonable guess

at a deflection curve, the accuracy obtained with this

-5procedure is very good.

This process is convergent i.e.

each successive curve is nearer to the true shape than the
previous one.
calculations,

As the method consists of graphical
it is laborious and tedious for Multi - Mass,

Multi - Span systems.
N. O. Myklested (6) has established a new method
of uncoupled bending vibrations.

Although he has used

this method for finding natural modes of transverse vibration
of airplane wings,

it could be applied to Multi - Mass,

Multi - Span systems.
Mr. M. A. Prohl has developed a tabular method to
obtain mode shape of a shaft operated at higher critical
speeds.

He used the same fundamentals as Mr. Myklested

although quite different in its application.

Prohl's

method is applicable to Multi - Mass, Multi - Span
systems.
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DISCUSSION
Some fundamentals of critical speed should be
discussed so that the reader may have a better understanding
of the problem.
In fig. la, a disk of mass "m" on a shaft rotating at
constant angular velocity
dynamic equilibrium.

oo ,

in two bearings,

is shown in

Due to machining, the center of gravity

"G" of the disk may not coincide with the center "C" of
the shaft.

Then the center of gravity of the disk will

be at a radial distance "e" from the center line of the
shaft.

During rotation of the disk a centrifugal force

m co (X + e) will act on the shaft.

This centrifugal force

will be acting through the center of gravity "G".

Now

as the disk is rotating the center of gravity "G" is also
rotating.

Therefore the direction of force is also changing

instantaneously.

Such a rotating force could be resolved into

horizontal and vertical components.

Hence we expect the

disk to execute simultaneous vertical and horizontal
vibrations.

When these impulses are in resonance with

the natural frequency,

i.e., when the angular speed

of the disk is equal to the transverse natural frequency cb-n
of the non-rotating disk on its elastic shaft, violent
vibrations occur.
This conclusion is not restricted to a single disk
symmetrically mounted on bearings but holds for more

-7-

Figure 1
(a)

UNBALANCED ROTATING DISK.

(b) FORCES AND MOMENTS ON BEAM ELEMENT dx DUE TO LATERAL LOAD
P (x) PER UNIT LENGTH.
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complicated systems as well.

The speeds at which such

violent vibrations occur are known as "critical speeds".
The study of rotating systems having several masses
on a single span involves the basic principles of
vibrations and mechanics.

Use of those principles is

made to solve this problem.
The system shown in fig. 2a represents a problem
which might be encountered in the design of multi-cylinder
engine crankshafts or turbine rotors.

The system has two

spans supported in three self aligning bearings.
span carries three concentrated masses.

Each

The lateral

distance between each mass point is ten inches.

To

consider the effect of shaft weight the shaft is divided
into concentrated masses connected by weightless shaft
sections.

Thus the actual system which is reduced to an

equivalent system is shown in fig. 2b.

The variable to

be examined is shaft diameter, which is varied from
0 .2

inch to 1 inch.
This system could be analyzed by Mr. M. A. Prohl's (1)

method developed by him in 1945.

This method is basically

the same as Holzer's method used in torsional vibrations
as presented by Thompson (7).

In the elucidation of his

method, Mr. Prohl has presumed the differential equation of
beam in bending for lateral vibrations, as an established
one.

Therefore it is desirable to go through the origin

of the above equation.
To determine the differential equation for the lateral

Figure 2
(a)

ACTUAL MULTI - MASS, MULTI - SPAN SYSTEM

(b)

EQUIVALENT SYSTEM

i
vo
i
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vibrations of beams 7 the forces and moments acting on
an element of a beam are considered as shown in fig. lb.
Shear

force and bending moment are shown in their

positive directions.

P(x) represents the loading per

unit length of the beam.

By summing forces in the

vertical direction;
dV - P(x) dx

=0

By summing moments about any point on the right face of
the element:
dM + V dx + Jf P(x) (dx)

2

= 0

In the limiting process these equations result in the
following important relationships.
dV/dx

= + P(x)

....................

la

dM/dx

= - V

........................

lb

The equation (la) states that the rate of change of
shear along the length of the beam is equal to the loading
per unit length; and equation (lb) states that the rate
of change of moment along the beam is equal to the negative
of the shear.
From equation (la) and (lb):
d 2 M/dx 2 = - dV/dx

= - P(x)

.........

2

The bending moment is related to the curvature
by the flexure equation, which, for the coordinates
indicated in fig. lb, is:
M = + E I d 2 Y/dx 2

-11-

Substituting this relation in to equation (2), we
obtain:

If the cross section of the beam is constant along
its length, the factor E I does not depend on the abscissa
and the equation simplifies to:

If the beam is in a state of sustained vibration at
a certain natural frequency, the loading acting on it is
an alternating inertia load.

In order to get a physical

conception of this statement, note that in the position
of maximum downward deflection each particle of the beam
is subjected to a maximum upward acceleration.

Multiplied

by the mass of the particle, this gives an upward inertia
force which the beam must exert on the particle.

By the

principle of action and reaction the particle in question
must exert a downward force on the beam.

All these downward

forces of the various particles constituting the beam form
a loading which is responsible for the deflection. Naturally
while the beam is passing through its equilibrium position,
the accelerations and therefore the loadings are zero,
but then the deflections are also zero.
Thus the differential equation of the vibrating bar
of uniform cross section is:

-12-

3

Assuming a sustained free vibration at a frequency
CO , the deflection becomes:
Y (x,t)

= Y (x) sin vo t

Differentiating this twice with respect to "t" and
2

substituting the value of d Y/dt

2

in equation (3)

we have:

4

The left side of this equation is the elastic
expression for the loading, while the right side is the
maximum value of the inertia load.
From the elementary beam theory:

5a

Therefore equation (4) becomes:

5b

Equation (4) is a fourth order differential
equation and hence there are four boundary conditions to
be satisfied.

Any speed of rotation for which it is

-13-

possible to effect a solution to this equation which
satisfies these four boundary conditions constitutes
a critical speed.
If equation (4) is integrated four times it could be
reduced to the following equations:

Shear

= V = ^ jul o / y <X)<f|x

Moment

= M =|v

d X

S lo p e

= 0 =£ i

^M d x

D e fle c tio n

....................................

6
7

.....................................

= Y = ( 0 dx

8
9

In order to adapt these integral equations to the
problem it is first necessary to transfer the actual
system into the equivalent system> consisting of a
series of disks connected by sections of elastic but
massless shafts.

It will be assumed that the moment of

inertia of the disk is negligible so the disks may be
treated as mass points.
Since each section of shaft is massless the Shearing
force is constant between any two masses and hence the
bending moment diagram has a constant slope between those
two masses.

Therefore:
= v

dx
A finite change in shearing force occurs at each mass,
which is equal to the inertia force of the mass.
A V

= m oO2 Y

In fig. 3, graphical representation of equations (6), (7),

-14-

TOj+m*

SHEARING FORCE, BENDING MOMENT AND DEFLECTION DIAGRAMS FCR AN
IDEALIZED SYSTEM
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(8) and (9) is shown.
The values of shear, moment, slope and deflection
are obtained at each mass point with the use of those
integral equations.

For a given mode of vibration, the

mass must be multiplied by the acceleration to determine
the inertia loading on the beam.

The integration of this

inertia loading gives a shear diagram (Fig. 3a). Starting
with the initial shear at station zero, the shear
at the first station is:
V1 =

+ mQ

J

Y0

and the shear at station second is:

From

V2 =

Vi + mi (A Yi

V2 =

VQ + m Q CO Y0 + m i ci Y X

the value of shear, moments at each mass point could

be found.
M

=

J V dx

Mi = Mo + Vl A x
M2 = M;l + V 2 A. X
= M0 + V 1 A x + v 2 A

x

The slope © of the deflection diagram for the first
section is obtained from the known moment at stations
zero and one.

The bending moment M at any distance x

from the left hand end of the first station is:
M

= M q + (Mi * M q ) x/ A x

-16-

where C is a constant of integration.
Substituting the value of M
Ml - Mo \ x 2 1
2Ax

'

J

But at station one
x

= A x

The deflection Y is obtained by integrating this slope
equation.

The deflection equation is reduced to the

following equations

From the above equations; it can be demonstrated that
the shearing force, bending moment, slope and deflection
at any point in the span will be a linear function of the
span with four assumed quantities at the left hand end of
the span, i.e., at the support.
for example,

Hence the deflection,

at a point may be expressed by the following

equation:
Yn

= A n V0 + Bn ^o + cn ®o + Dn Yo
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where

An , Bn , Cn< Dn , are numerical constants.

Since two boundary conditions must always be known at the
end of the system from which the calculations originate,
two of the terms from the above equation must be eliminated.
Thus only two coefficients need to be evaluated and this
is done in two parts of the calculation.
Since in the problem, bearing supports are considered
as simple supports, the deflection and moments are zero
at the end supports and the unknown boundary conditions
are shear and slope.

In the calculations it is assumed

that one of these boundary conditions is zero and the
other is unity.

With this assumption shear force, moment,

slope and deflection are calculated at each station by
using the above equations.

The assumption is then reversed

and the above steps are repeated to obtain shear force,
moment, slope and deflection in terms of this boundary
condition.

Finally the results of both the solutions are

added to obtain the complete solution.
From the calculations the following equations are
obtained for the slope, deflection and bending moment at
the middle suuport.

Now by reason of the continuity of the shaft:

-18-

Also we know that at the supports, deflection is zero.
Placing

~ ^ in equation (11) gives the value of V 0 in

terms of 0O .
and (12).

Hence VQ may be eliminated from equations (10)

Then by virtue of the foregoing boundary

conditions the following values apply to the initial
point for the second span.
©m

= H ©o

Mm

= F ©o

where H and F are constants.
As the bearing reaction at the middle support is not
known; calculations for the second span are carried out
in terms of Vm and ©D in two parts with the following
boundary conditions.

and

Calculations for the second span can be carried out
in the same manner as for the first span.

From these

calculations the following equations can be obtained for
the deflection and moment at the last support.

-19-

Yi

— a Vj^ + 1) ©o

.................

13a

Ml

= c Vm + d ©o

.................

13b

where Vm is the shear force at the middle support and
a, b, c and d are constants.
At the bearing support deflection is zero which
gives Y]_ = 0.

Placing this value of Yj_ in the equation

(13a) gives Vm in terms of ©Q .

Hence Vm could be

eliminated from equation (13b).
Thus the moment at the last support can be obtained
in terms of ©0 .

If the assumed speed is exactly equal to

the critical speed, the moment will become equal to zero
and all the four boundary conditions will be satisfied.
Hence by plotting the discrepency in the moment at the
last support as a function of the assumed speed and noting
where the discrepency becomes zero, the various critical
speeds can be obtained.
The modes of vibrations at critical speeds are
obtained by utilizing the deflection boundary condition
(equations 11 and 13a) at the right and middle support.
From that value, the unknown shear force is obtained in
terms of initial slope.

This value of shear force is then

substituted at each station and the deflection curves are
obtained in terms of initial slope for all the critical
speeds.
The main problem to be examined was locating critical
frequencies of Multi-Mass, Multi-Span rotating systems,
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without damping for various shaft diameters.

The curves

drawn in fig. 4-9 are excess moment (right support)/initial
slope, as a function of assumed speed.

The curves, one for

each diameter considered, cross the frequency axis six times
and go off to infinity after the last crossing.

Each of

these crossings represent a critical speed.
The value of critical speed thus obtained considers the
system in transverse vibration, where the system would not
be rotating.

In the actual case the system would be rotating,

therefore, if the shaft carries one or more disks the
gyroscopic effects must be considered.
to resist the shaft deflection.

These effects tend

This reduces the deflection

and tends to raise the critical speed.
Another assumption,
end supports.

is that of zero moment at the

The moment at the end support will be zero

for a small initial slope.

For large values of initial

slope that is not true; as the bearing will tend to resist
larger deflections.

This assumption would tend to lower

the critical speed of the system as it becomes a more
flexible system when considering the moment zero at the
supports.

20 squares to the inch

L.k)MENT/.iNmAL Aslope _.eemind 5rlclb . in . /pad L)iq 4_|

■Q
o

20 squares to the inch

20 squares to the inch

!

to the inch

20 squares to the inch

20 squares to the inch

20 squares to the inch

!

to the inch

20 squares to the inch

-34CONCLUSION
From the foregoing discussion and results a conclusion
can he reached that this method is adaptable to more than
two spans with numerous loads.
From an examination of the moment/initial slope
remainder versus frequency curves a definite relationship
was discovered between the frequencies at different modes
of vibrations and plotted in figure 10.

From the figure

it can be seen that the ratio of natural frequency/first
frequency is one for all shaft diameters at the lowest
critical speed.

For the second, third and fourth critical

speeds the ratio is 1.5, 4, and 5 respectively for all
shaft diameters.

At the fourth critical speed the ratio

deviates very little and thus could be considered a
constant.

For critical speeds higher than the fourth

critical speed the ratio deviates more and more for
various shaft diameters.

For the system discussed,

the

deviation is 8.3 % and 10 % for the fifth and sixth
critical speeds respectively between the 0.2 inch and
1 inch diameter shafts.
The deviation in frequency ratio can be neglected
because the mathematical solution neglects many variables
such as gyroscopic effects, bearing elasticity and
variation in boundary moments.

Also values of critical

speeds are obtained by interpolating the moment/initial
slope remainder curves considering it to be a straight line.
Actually the curve is not a straight line and hence there

-35-

may be some error.

With these facts in mind very good

results could be obtained by using Mr. Prohl1s method.
Mr. Richard K. Brockmann has analysed a system
having two supports and five concentrated mass, using
Mr. Prohl's method.

He has drawn the relation of natural

frequency/first frequency ratio which is ( 1, 4, 9, 15.8,
22.8 ) for a 0.2 inch diameter shaft and ( 1, 4, 9, 16, 24.8 )
for a 1 inch diameter shaft.

But for the system having

two spans and three supports that is not true.

For the

system considered in this thesis the relation of natural
frequency/first frequency ratio is ( 1, 1.5, 4, 5, 8.4, 9.3 )
for a 0.2 inch diameter shaft and ( 1, 1.5, 4, 5, 9.4, 10.4 )
for a 1 inch diameter shaft.

From these relations the

ratio appears to be approximately equal to ( 1, 1.5, 4,
5, 9, 10 ) for larger diameters of shafts.
Modes at various critical speeds are found by drawing
the deflection/initial slope versus beam length curves
( Fig. 11-16 ).

Fig. 11 shows that at the first critical

speed the mode curve is a sine curve.

For the second

critical frequency the curve is a cosine curve.

Now cosine

functions lead the sine functions by a phase angle of
‘90 degrees.

Therefore at the second critical speed the

mode curve has a higher order than the mode curve at the
first frequency.

Thus considering higher critical speeds

the mode curves have higher order equations.

These mode

curves are useful for any diameter shaft or material as

-36-

long as the span dimensions are not changed.
It should he noted that the foregoing type of analysis
can be applied to determine natural frequencies of
transverse vibration of tapered beams either simply
supported or cantilevered.

But in that case the area

and area moment of inertia are not constant.

This should

be considered when solving that type of system by
Mr. Prohl's method.
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APPENDIX

c
c
c
c
c
c
c
c
c
c

CRITICAL SPEEDS OF A ROTATING MULTI-MASS MULTI-SPAN SYSTEM
W IS THE STARTING ROTATIONAL VEL. IN RED/SEC
(COL.8)
WF IS THE FINAL ROTATIONAL VEL. IN RED/SEC
(COL.16)
DW IS THE DESIRED INCREAMENT OF ROTATIONALVEL.(COL.24)
E IS THE MODULOUS OF ELESTICITY
(COL.32)
DX IS THE 1/2 THE DISTANCE BETWEEN THE LOADS
(COL.40)
WT IS THE WEIGHT/CUBIC INCH OF THE SHAFT
(COL.48)
S ( 2 > IS THE CONCENTRATED LOAD (IN.POUNDS)
(COL.56)
D IS THE DIAMETER OF THE SHAFT
(COL.64)
NX (INTEGER) IS NO OF LOADS PER SPAN
(COL.72)
T=0•0
TH=0• 0
Y=0• 0
DIMENSION S (2 )
READ 3000*W.WF»DW*E*DX*WT*S(2),D.NX
OLDT=0.0
NW= ( WF - W) / DW
WSTOR=W

B=(64,0*DX)/(3.1415927*E*D**4)
S < 1 > = ( 3 . 1 4 1 5 9 2 7 * D * * 2 * D X * WT ) / 1 5 4 4 . 0
S ( 2 ) = S ( 2 ) / 3 8 6 . 0 + S ( 1)
I SW2 =1
NX = 2 * ( NX+ 1 )
DO 999 LW = 1»NW ♦1
I SW1=1

20 W$Q=W*W

V*0.0
TL=0.0
THL=1.0
11 = 1

NXX=NX
ISW3=1
KZ ERO=0
GO TO 1000

I
CD
I

1 TT = T
THT*TH
YT = Y

V=1.0
T L a O•0
T H L * 0 •0

ISW3*2
GO TO 1000
2 V=0.0
t l * t t - t * y t /y
t h l =t h t - t h * y t /y

3

4
40
50
70

11*NX+ 1
NXX*NX+NX
ISW3«3
KZERO-8
GO TO 1000
TT =T
THT=TH
YT* Y
V*1.0
TL-0.0
THL=0*0
ISW3«4
GO TO 1000
T«TT-T*YT/Y
PUNCH 3002.W.T
IF(ISW2) 40.50*40
ISW2*0
SOLDT *T/ABSF(T)
GO TO 80
IF (ISW1) 70.60.70
ST*T/ABSF(T )
SOLDT-OLDT/ABSF(OLDT )
IF (ST-SOLDT) 90,80.90

|
40 -

90 W=W-(T*DW)/(T-OLDT)
ISW1=0
OLDT=T
GO TO 20
80 OLDT=T
60 W=WSTOR+DW
999 WSTOR=W
STOP
1000 JX= 2
Y=0• 0
IF (ISW1) 1002,1001,1002
1001 PUNCH 3001
PUNCH 3003»KZERO»V»TL»THL»Y
1002 DO 2000 I Xs I 1*NXX »1
V=V+S(JX)*WSQ*Y
T=TL+V*DX
TH=B*(TL+T)/2.0+THL
Y=(B*(TL+T/2.0)/3.0+THL)*DX +Y
IF (ISW1) 100,101,100
101 PUNCH 3003 »I X»V*T,TH,Y
100 TL=T
THL=TH
IF (JX-1) 103,102,103
102 J X =2
GO TO 2000
103 JX=1
2000 CONTINUE
GO TO ( 1 , 2 , 3 , 4 ) , ISW3
3000 FORMAT <8E8• 0 , 13 )
3001 FORMAT (3HONO,9XlHV,16X1HM,16X2HTH,15X1HY )
3003 FORMAT (I 3,4(3XE14.7 ) )
3002 FORMAT(3H0W=,E14,7,5H
M=,E14.7)
END

DIMENSION YV(18).YT(18)
D=0• 2
DO 1000 K=1*6
READ 1002*(YV(I) , Y T( I )♦ 1=1.18)
READ 1007,W.T
PUNCH 1007, W*T
M= 1
NX=9
DO 1000 J = 1 , 2

YRAT=~YT( NX) / YV (NX)

1004
1000
1002
1007
1008

DO 1004 L =M, NX
Y=YV(L)*YRAT+YT(L)
PUNCH 1008,L,Y
NX=NX+NX
M=9
FORMAT( 11X»E14.7»5X»E14.7)
FORMAT(4E 18.8)
FORMAT ( 5X , I 3 , 5X, E14.7)
STOP
END
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